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Fig. 1. Displacement based dynamics is used to simulate systems of rigid bodies with constraints. The
simulation remains stable at large time steps and with high impact forces.

A popular method for the simulation of physics systems with constraints is position based dynamics. This
has been shown to produce robust results that give more accurate solutions than traditional force or impulse
based approaches. In this paper we present a derivation of a general form of position based dynamics applied
to systems of rigid bodies and constraints through the application of the principle of least action and first
order discretization of the resulting equations of motion. The approach we take is displacement based: We
find a minimal displacement of the coordinates of the system in its predicted constraint free configuration
that satisfies the constraints while minimizing the overall action of the system. We show how this approach
leads to a variation of the popular position based dynamics algorithm, but through the derivation from first
principles we show how the method can be improved and extended.

1 INTRODUCTION AND RELATEDWORK
The simulation of rigid bodies with constraints is useful in many fields, including robotics, visual
effects and video games. Traditional methods of simulation are force based, where forces and
torques on each body are accumulated, and the dynamics of the system are solved using Newton’s
equations for linear degrees of freedom and Euler’s equations for angular degrees of freedom. A
popular alternative approach is position based dynamics (PBD) where the position updates from
constraints are computed directly, giving more direct control of the system and more accurate
results as the update exactly resolves the constraints rather than applying forces and torques which
indirectly resolve the constraints over time but where the exact positional update depends on the
limits of the integration scheme.
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For this reason, position based dynamics has been used in commercial game physics engines
for over a decade. An important paper on this, which coined the term position based dynamics,
was [Müller et al. 2007], where this approach was used for particle based systems, i.e. systems with
no angular degrees of freedom. This was presented as an algorithm for how to solve the set of
constraints and update the system.

Extensions have beenmade to the original PBD system in order to add angular degrees of freedom.
[Kugelstadt and Schömer 2016] first used quaternions to represent orientation in a position based
system applied to the simulation of Cosserat Rods, and, recently, in [Müller et al. 2020] the authors
have generalized the PBD system to rigid bodies and angular constraints. This is similar to the
approach outlined in [Lewin 2016], where an introduction to PBD for rigid body dynamics is
described.
In this paper we show how position based dynamics can be derived through the principle of

least action applied to a system of rigid bodies plus constraints and subsequent linearization of
the equations of motion to first order. We find a number of benefits in following a more top down
approach. For instance, we find additional gyroscopic terms that contribute to the inertia of the
system when resolving constraints. We also show how momentum conservation emerges, and the
form of the constraint functions required to conserve momentum. Most importantly, this approach
gives a solid foundation for the extension of the formalism for arbitrary constrained systems, and
we show how to incorporate arbitrary non-linear potential energy terms which we use for the
modelling of spring and damping forces.

Previously, the addition of compliant constraints and damping terms has been achieved through
the recipe proposed in [Macklin et al. 2016], where the authors show how spring and damping
terms can be added to the PBD algorithm by identifying terms in the force with a constraint
term and a Lagrange multiplier term. This is done in a way that these elastic forces can fit into
the existing formalism. In this paper take a different approach. We make a distinction between
constraint compliance, which we add through a regularization procedure leading to the addition
of a Tikhonov regularization parameter, and modelling spring and damping forces, which we do
through the incorporation of additional potential energy terms and appropriate linearization.
Throughout, we demonstrate the application of these methods to the simulation of typical

situations in rigid body dynamics, including linear and angular joint constraints, contact constraints
and "drive" constraints, which can be used to approximate muscle forces in radgoll simulations.

2 CONSTRAINED MOTION FROM THE PRINCIPLE OF LEAST ACTION
We represent the coordinates of a single rigid body 𝑖 as 𝑿𝑖 (𝑡) = 𝑿𝑖 (𝒙𝑖 (𝑡)𝑇 θ𝑖 (𝑡)𝑇 )𝑇 , where 𝒙𝑖 (𝑡) is
the position of the centre of mass as a function of time, and θ𝑖 (𝑡) is the axis/angle representation1
of the rotation of the body. We use 𝑿 (𝑡) = (𝑋1 (𝑡)𝑇 · · ·𝑋𝑁 (𝑡)𝑇 )𝑇 as the coordinates of all of the
bodies 1 to 𝑁 in the system.

Start with a free, unconstrained system. The principle of least action states that the path that the
system takes over time is the one in which the action 𝑆 is minimized:

𝑆 =

∫
𝑑𝑡𝐿( ¤𝑿 ,𝑿 ), 𝛿𝑆 = 0, (1)

where 𝐿( ¤𝑿 ,𝑿 ) is the Lagrangian of the system, which is equal to the kinetic energy minus the
potential energy: 𝐿 = 𝐾 −𝑉 .

1The axis/angle representation encodes the rotation axis 𝒏̂ and rotation angle 𝜃 into a single vector θ = 𝜃 𝒏̂. It is related to
the rotation matrix representation by 𝑅 (θ) = exp [θ]× (where [θ]× is the skew-symmetric cross product matrix), and to
the quaternion representation by 𝑞 (θ) = exp 𝑖θ/2.
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Taking the variation of the action and setting it to zero gives (using integration by parts)

𝛿𝑆 =

∫ 𝑇

0
𝑑𝑡

[
𝜕𝐿

𝜕 ¤𝑿
𝛿 ¤𝑿 + 𝜕𝐿

𝜕𝑿
𝛿𝑿

]
,

=

∫ 𝑇

0
𝑑𝑡

[
− 𝑑
𝑑𝑡

(
𝜕𝐿

𝜕 ¤𝑿

)
+ 𝜕𝐿
𝜕𝑿

]
𝛿𝑿 +

[
𝜕𝐿

𝜕 ¤𝑿
𝛿𝑿

]𝑇
0
= 0. (2)

The variation at the boundary is zero, so the second term vanishes, and we are left with

− 𝑑

𝑑𝑡

(
𝜕𝐿

𝜕 ¤𝑿

)
+ 𝜕𝐿
𝜕𝑿

= 0. (3)

These are the Euler-Lagrange equations of motion.
Take the Lagrangian to be

𝐿 =
1
2
¤𝑿 ·𝑀 ¤𝑿 −𝑉 (𝑿 ), (4)

where 𝑉 (𝑿 ) is the potential energy and where𝑀 is the mass matrix

𝑀 =

©­­­­­­«

𝑚11
𝐼1

. . .

𝑚𝑁1
𝐼𝑁

ª®®®®®®¬
. (5)

The mass matrix is a function of time, as the inertia is a function of time. 𝐼 (𝑡) = 𝑅(𝑡)𝐼0𝑅(𝑡)𝑇 , where
𝐼0 is the diagonal inertia in the body frame. Plugging this Lagrangian into the Euler-Lagrange
equations of motion [3] gives for the linear degrees of freedom

𝑚 ¥𝒙 = − 𝜕𝑉
𝜕𝒙

def
== 𝒇 , (6)

which is Newton’s law of motion for force 𝒇 = −𝜕𝑉 (𝒙)/𝜕𝒙 , and for the angular degrees of freedom
we get

−𝐼 ¥θ − ¤𝐼 ¤θ − 𝜕𝑉
𝜕θ

= 0,

⇒ 𝐼 ¥θ + ¤θ × (𝐼 ¤θ) = − 𝜕𝑉
𝜕θ

def
== τ, (7)

where we have used
¤𝐼 = ¤𝑅𝐼0𝑅𝑇 + 𝑅𝐼0 ¤𝑅𝑇 = [θ]×𝐼 − 𝐼 [θ]×, (8)

with [θ]× being the skew-symmetric cross product matrix

[θ]×
def
==

©­«
0 −𝜃𝑧 𝜃𝑦
𝜃𝑧 0 −𝜃𝑥
−𝜃𝑦 𝜃𝑥 0

ª®¬ (9)

These are the Euler equations of motion with torque τ = −𝜕𝑉 (θ)/𝜕θ.
We now add a set of constraints. Each constraint is of the form 𝑐 (𝑿 ) = 02. In order to update the

equations of motion to incorporate these constraints, we add them to the action 𝑆 to be minimized.
Each constraint is multiplied by a scalar 𝜆 which are called the Lagrange multipliers

𝑆 =

∫
𝑑𝑡

[
𝐿( ¤𝑿 ,𝑿 ) + 𝝀 · 𝒄 (𝑿 )

]
, (10)

2We restrict constraint equations to be scalar and holonomic, i.e. functions of 𝑿 and not ¤𝑿
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where 𝝀 · 𝒄 (𝑿 ) = ∑
𝑗 𝜆 𝑗𝑐 𝑗 (𝑿 ). Now, as well as minimizing the action with respect to 𝑿 , we also

minimize with respect to the Lagrange multipliers 𝝀. The result is we minimize the action subject
to the constraint equations.

𝛿𝑆 =

∫ 𝑇

0
𝑑𝑡

[
𝜕𝐿

𝜕 ¤𝑿
𝛿 ¤𝑿 + 𝜕𝐿

𝜕𝑿
𝛿𝑿 + 𝝀 · 𝜕𝒄

𝜕𝑿
𝛿𝑿

]
,

=

∫ 𝑇

0
𝑑𝑡

[
− 𝑑
𝑑𝑡

(
𝜕𝐿

𝜕 ¤𝑿

)
+ 𝜕𝐿
𝜕𝑿
+

(
𝜕𝒄

𝜕𝑿

)𝑇
𝝀

]
𝛿𝑿 = 0. (11)

Define 𝐽 (𝑿 ) = 𝜕𝒄/𝜕𝑿 . This is known as the Jacobian. If there are 𝑁 bodies and𝑀 constraints the
Jacobian is a 6𝑁 ×𝑀 matrix with components

𝐽 (𝑿 ) = 𝜕𝒄

𝜕𝑿
=


(𝜕𝑐1/𝜕𝑿1) · · · (𝜕𝑐1/𝜕𝑿𝑁 )
(𝜕𝑐2/𝜕𝑿1) · · · (𝜕𝑐2/𝜕𝑿𝑁 )

...
. . .

...

(𝜕𝑐𝑀/𝜕𝑿1) · · · (𝜕𝑐𝑀/𝜕𝑿𝑁 )


. (12)

Note that 𝜕𝑐𝑖/𝜕𝑿 𝑗
𝑇 is a vector (since the constraint function is a scalar)

𝜕𝑐𝑖

𝜕𝑿 𝑗

𝑇

≡ 𝑱𝑖 𝑗 (13)

.
Using the Lagrangian [4] gives equations of motion

𝑑

𝑑𝑡

(
𝑀 ¤𝑿

)
= − 𝜕𝑉

𝜕𝑿
+ 𝐽𝑇𝝀. (14)

𝐽𝑇𝝀 acts as a force/torque. It is the force/torque due to the constraints. These together with the
constraint equations

𝒄 (𝑿 ) = 0 (15)
form the system to be solved.

3 DISPLACEMENT BASED DYNAMICS
In order to solve the system [14, 15] in a finite time step simulation, we discretize the system into
time slices 𝑿 (𝑡𝑖 ) = 𝑿 𝑖 , and use implicit Euler to integrate the system

𝑿𝑡+1 = 𝑿𝑡 + ¤𝑿𝑡+1Δ𝑡 . (16)

The velocity in the discretized system is
¤𝑿𝑡 = (𝑿𝑡 − 𝑿𝑡−1)/Δ𝑡 . (17)

Assume that the positions 𝑿𝑡+1 are solutions to the unconstrained equations of motion [14] at
time 𝑡 + 1 with the constraint force 𝐽𝑇𝝀 set to zero. Now we apply a small displacement Δ𝑿 to the
solution of the unconstrained system3

𝑿𝑡+1 → 𝑿𝑡+1 + Δ𝑿 ,
⇒ ¤𝑿𝑡+1 → ¤𝑿𝑡+1 + Δ𝑿/Δ𝑡 . (18)

We then try to find a solution Δ𝑿 such that that the equations of motion with constraints [14, 15]
are satisfied to first order in Δ𝑿 .
3In applying a displacement Δ𝑿 , the update to a quaternion representing the rotation 𝑞 (θ) is 𝑞𝑡+1 = 𝑞 (Δθ)𝑞𝑡 = 𝑒𝑖Δθ/2𝑞𝑡 .
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Applying this and ¤𝑿 to the equations of motion, and using the discrete form of the derivative
𝑑

𝑑𝑡

(
𝑀 ¤𝑿

)
→ 1

Δ𝑡

(
𝑀 (𝑿𝑡+1) ¤𝑿𝑡+1 −𝑀 (𝑿𝑡 ) ¤𝑿𝑡

)
(19)

gives
𝑑

𝑑𝑡

(
𝑀 ¤𝑿

)
+ 𝜕𝑉
𝜕𝑿
→ 1

Δ𝑡

[
𝑀 (𝑿𝑡+1 + Δ𝑿 ) ( ¤𝑿𝑡+1 + Δ𝑿/Δ𝑡) −𝑀 (𝑿𝑡 ) ¤𝑿𝑡

]
+ 𝜕𝑉
𝜕𝑿
(𝑿𝑡+1 + Δ𝑿 ),

=
1
Δ𝑡

[
(1 + [Δ𝑿 ]×)𝑀 (𝑿𝑡+1) (1 + [Δ𝑿 ]×) ( ¤𝑿𝑡+1 + Δ𝑿/Δ𝑡) −𝑀 (𝑿𝑡 ) ¤𝑿𝑡

]
+ 𝜕𝑉

𝜕𝑿

����
𝑡+1
+ 𝜕2𝑉

𝜕𝑿2

����
𝑡+1

Δ𝑿 + O(Δ𝑿2),

=
𝑑

𝑑𝑡

(
𝑀 ¤𝑿

) ��
𝑡+1 +

𝜕𝑉

𝜕𝑿

����
𝑡+1

+ 1
Δ𝑡2

[
𝑀 (𝑿𝑡+1) − [𝑀 (𝑿𝑡+1) ¤𝑿𝑡+1Δ𝑡]× +𝑀 (𝑿𝑡+1) [ ¤𝑿𝑡+1Δ𝑡]×

]
Δ𝑿

+ 𝜕2𝑉

𝜕𝑿2

����
𝑡+1

Δ𝑿 + O(Δ𝑿2), (20)

where we have used

𝐼 (𝑿𝑡+1 + Δ𝑿 ) = 𝑅(𝑿𝑡+1 + Δ𝑿 )𝐼0𝑅(𝑿𝑡+1 + Δ𝑿 )𝑇 ,
= 𝑅(Δ𝑿 )𝑅(𝑿𝑡+1)𝐼0𝑅(𝑿𝑡+1)𝑇𝑅(Δ𝑿 )𝑇 ,
= (1 + [Δ𝑿 ]×)𝐼 (𝑿𝑡+1) (1 − [Δ𝑿 ]×),
= 𝐼 + [Δ𝑿 ]×𝐼 (𝑿𝑡+1) − 𝐼 (𝑿𝑡+1) [Δ𝑿 ]× + O(Δ𝑿2), (21)

and [𝑿 ]× is the cross product matrix

[𝑿 ]× =

©­­­­­­«

0
[θ1]×

0
[θ2]×

. . .

ª®®®®®®¬
(22)

i.e. the cross product matrix for the angular degrees of freedom.
The first part of the result [20] is zero, as we assume that in the absence of a displacement Δ𝑿

the system evolves according to the constraint free equations of motion. We are then left with

1
Δ𝑡2

(
𝑀𝑡+1 +𝑀𝑡+1 [ ¤𝑿Δ𝑡]× − [𝑀𝑡+1 ¤𝑿Δ𝑡]× +

𝜕2𝑉

𝜕𝑿2

����
𝑡+1

)
Δ𝑿 = 𝐽𝑇𝝀. (23)

Let

𝑀̃ ≡
(
𝑀𝑡+1 − [𝑀𝑡+1 ¤𝑿Δ𝑡]× +𝑀𝑡+1 [ ¤𝑿Δ𝑡]× +

𝜕2𝑉

𝜕𝑿2

����
𝑡+1

)
(24)

so that 𝑀̃Δ𝑿 = 𝐽𝑇𝝀. 𝑀̃ is a measure of the inertia of the system which, in addition to the mass
matrix𝑀 , includes gyroscopic resistance and the resistance in moving in the potential 𝑉 (𝑿 ).

In practise though, we will not consider non-linear potential terms as part of this effective mass
matrix as to do so can lead to a matrix that is not block diagonal, and computing the inverse of
this mass matrix is required as part of the update. We will cover non-linear potential terms later in
section 10.
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If we apply this to a movement along Δ𝑿 then 1
2Δ𝑿 · 𝑀̃Δ𝑿 is the energy change in the system.

For linear degrees of freedom, or if the inertia is uniform in all directions, screw-symmetric matrices
cancel, and if the potential is at most linear in 𝑿 , as it would be for instance in a gravitational field,
then the second derivative of the potential vanishes, and this reduces to the mass matrix.

The constraint equation[15] expands to

𝒄 (𝑿𝑡+1 + Δ𝑿 ) = 𝒄 (𝑿𝑡+1) + 𝐽 (𝑿𝑡+1)Δ𝑿 = 0, (25)

which for a single constraint is

𝑐 (𝑿𝑡+1 + Δ𝑿 ) = 𝑐 (𝑿𝑡+1) +
∑
𝑗

𝑱𝑖 𝑗 (𝑿𝑡+1) · Δ𝑿 𝑗 = 0, (26)

where we sum over the displacements of the coordinates involved in the constraint Δ𝑿 𝑗 .
We now have the system

𝑀̃Δ𝑿 = 𝐽𝑇𝝀Δ𝑡2,

𝒄 + 𝐽Δ𝑿 = 0, (27)

where 𝐽 , 𝑀̃ and 𝒄 are all evaluated at 𝑿𝑡+1.
In order to solve for Δ𝑿 , we first find 𝝀

𝝀Δ𝑡2 = −(𝐽 𝑀̃−1 𝐽𝑇 )−1𝒄 . (28)

Then, using Δ𝑿 = 𝑀̃−1 𝐽𝑇𝝀Δ𝑡2 gives

Δ𝑿 = −𝑀̃−1 𝐽𝑇 (𝐽 𝑀̃−1 𝐽𝑇 )−1𝒄 . (29)

3.1 Alternative Derivation Using the Moore-Penrose Psuedo-Inverse
It’s instructive to re-derive [29] using a different method involving the Pseudo-Inverse of the
Jacobian.
The goal is to find a minimal displacement that ensures that the set of constraint equations is

satisfied at time 𝑡 + 1:

𝒄 (𝑿𝑡+1 + Δ𝑿 ) = 𝒄 (𝑿𝑡+1) + 𝐽 (𝑿𝑡+1)Δ𝑿 + O(𝑿2) = 0.

If we could find the inverse of 𝐽 (𝑿𝑡+1), then we could immediately write down the solution

Δ𝑿 = −𝐽 (𝑿𝑡+1)−1𝒄 (𝑿𝑡+1). (30)

However, the Jacobian matrix [12] is not in general a square matrix - there are not always the
same number of constraints as degrees of freedom in the system, so there can be either no unique
solution if the system is under constrained, or no solution at all if the system is over constrained.

There does exist a generalization of the matrix inverse for non-square matrices called the Moore-
Penrose pseudo-inverse. This is defined as

𝐴† = 𝐴𝑇 (𝐴𝐴𝑇 )−1, (31)

which for square matrices reduces to the regular matrix inverse.
For our system this gives

Δ𝑿 = −𝐽 (𝑿𝑡+1)𝑇
[
𝐽 (𝑿𝑡+1) 𝐽 (𝑿𝑡+1)𝑇

]−1
𝒄 (𝑿𝑡+1). (32)

Compare this to the result we obtained by minimizing the action [29]. The results differ by the
addition of the "mass" matrix 𝑀̃ . To see what this means, we show how the pseudo-inverse can be
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derived from a minimization process. We minimize the magnitude of the displacements | |Δ𝑿 | |2
subject to the constraint 𝒄 (𝑿𝑡+1) + 𝐽 (𝑿𝑡+1)Δ𝑿 = 0 using the technique of Lagrange multipliers:

𝐿 =
1
2
| |Δ𝑿 | |2 − 𝝀 · (𝒄 (𝑿𝑡+1) + 𝐽 (𝑿𝑡+1)Δ𝑿 ), (33)

Minimizing with respect to Δ𝑿 and 𝝀 separately gives the system

𝜕𝐿

𝜕Δ𝑿
= Δ𝑿 − 𝐽 (𝑿𝑡+1)𝑇𝝀 = 0,

𝜕𝐿

𝜕𝝀
= 𝒄 (𝑿𝑡+1) + 𝐽 (𝑿𝑡+1)Δ𝑿 = 0.

Solving for 𝝀 gives

𝝀 = −
[
𝐽 (𝑿𝑡+1) 𝐽 (𝑿𝑡+1)𝑇

]−1
𝒄 (𝑿𝑡+1). (34)

Substituting this back gives the solution for Δ𝑿

Δ𝑿 = 𝐽 (𝑿𝑡+1)𝑇𝝀,

= −𝐽 (𝑿𝑡+1)𝑇
[
𝐽 (𝑿𝑡+1) 𝐽 (𝑿𝑡+1)𝑇

]−1
𝒄 (𝑿𝑡+1) . (35)

So, the pseudo-inverse is the solution that minimizes both the constraint equations and the magni-
tude of the displacement Δ𝑿 required in order to satisfy the constraint equations.

To get back to our original result coming from the minimization of the action just requires that
we replace the minimization of | |Δ𝑿2 | |/2 with the minimization of Δ𝑿 · 𝑀̃Δ𝑿/2. The difference is
that instead of solving the constraints with a minimum Δ𝑿 , we are solving the constraints with
minimum addition to the total energy of the system.

3.2 Regularization
There are cases when the matrix 𝐽 𝑀̃ 𝐽𝑇 is singular, so the inverse does not exist. This can be the case
if the system is over constrained and there is no simultaneous solution to all of the constraints. A
common technique is to add a small constant term to the diagonal so that the matrix can’t become
singular:

𝐽 𝑀̃ 𝐽𝑇 → 𝐽 𝑀̃ 𝐽𝑇 + 𝛼1. (36)

This is known as Tikhonov regularization.
To see what this does to the solution, we can look use the singular value decomposition of 𝐽 .

First, to make things simpler, let 𝑀 = 1 so that Δ𝑿 = −𝐽𝑇 [𝐽 𝐽𝑇 + 𝛼1]−1𝒄 (This form can also be
achieved by scaling 𝐽 by𝑀1/2).
Now, let 𝐽 = 𝑈𝐷𝑉𝑇 be the singular value decomposition of 𝐽 , where 𝑈 and 𝑉 are orthogonal

matrices of dimension𝑀 ×𝑀 and 𝑁 ×𝑁 respectively, and 𝐷 is a diagonal matrix of singular values
of dimension𝑀 × 𝑁 .

Substituting this into the solution for Δ𝑿 gives

Δ𝑿 = −(𝑉𝐷𝑇𝑈𝑇 ) [(𝑈𝐷𝑉𝑇 ) (𝑉𝐷𝑇𝑈𝑇 ) + 𝛼1]−1𝒄
= −(𝑉𝐷𝑇𝑈𝑇 ) [𝑈 (𝐷2 + 𝛼1)𝑈𝑇 ]−1𝒄
= −𝑉𝐷 [𝐷2 + 𝛼]−1𝑈𝑇 𝒄 .

So, if 𝐽 has singular values 𝜎𝑖 , then the regularized version has singular values 𝜎𝑖/(𝜎2𝑖 +𝛼), which
is approximately 𝜎−1𝑖 if 𝜎𝑖 >> 𝛼 , but goes to 𝛼−1 as 𝜎𝑖 goes to zero. I.e. for small 𝛼 the solution is
the same when 𝜎𝑖 is large, but is prevented from becoming singular when 𝜎𝑖 is zero.
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This regularization term can be derived by adding an additional term 𝛼 | |𝝀 | |2/2 to the Lagrangian
minimization [33].

𝐿 =
1
2
| |𝑀̃Δ𝑿 | |2 − 𝝀 · (𝒄 (𝑿𝑡+1) + 𝐽 (𝑿𝑡+1)Δ𝑿 ) − 1

2
𝛼 | |𝝀 | |2 . (37)

𝝀 is now acting like an auxiliary field with a coupling to 𝑿 through the constraint functions, and
a potential term | |𝝀 | |2/2. This is actually quite a natural term to add to the Lagrangian as, if we
want to end up with a solvable linear system in Δ𝑿 and 𝝀 then the only terms we can have in the
Lagrangian to be minimized are of order Δ𝑿2,Δ𝑿𝝀 and 𝝀2. The energy gives the Δ𝑿2 term, the
constraint function multiplied by the Lagrange multiplier gives a term of order Δ𝑿𝝀, and now this
regularization term gives a term in 𝝀2, so regularization is a natural extension of the formalism.

Minimizing with respect to Δ𝑿 and 𝝀 now gives

𝜕𝐿

𝜕Δ𝑿
= 𝑀̃Δ𝑿 − 𝐽 (𝑿𝑡+1)𝑇𝝀 = 0,

𝜕𝐿

𝜕𝝀
= 𝒄 (𝑿𝑡+1) + 𝐽 (𝑿𝑡+1)Δ𝑿 + 𝛼𝝀 = 0.

And the solution is now

𝝀 = −
[
𝐽 (𝑿𝑡+1)𝑀̃−1 𝐽 (𝑿𝑡+1)𝑇 + 𝛼1

]−1
𝒄 (𝑿𝑡+1),

Δ𝑿 = −𝑀̃−1 𝐽 (𝑿𝑡+1)𝑇
[
𝐽 (𝑿𝑡+1)𝑀̃−1 𝐽 (𝑿𝑡+1)𝑇 + 𝛼1

]−1
𝒄 (𝑿𝑡+1). (38)

The interpretation of this is that now, in addition to minimizing the energy and the constraint
functions, we are also minimizing the magnitude of 𝝀, and thus the constraint force 𝐽𝑇𝝀. If 𝛼 is
small then the constraint minimization term dominates and the constraint forces are as large as
they need to be to satisfy the constraints. If 𝛼 is large then minimizing the constraint is balanced
with minimizing the magnitude of the constraint force.

4 ALGORITHM FOR SOLVING THE SYSTEM
We now turn to the method for solving the system of equations. We need to solve 𝝀 from

(𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)𝝀Δ𝑡2 = −𝒄 ., (39)

which can then be used to compute Δ𝑿 using

Δ𝑿 = 𝑀̃−1 𝐽𝑇𝝀Δ𝑡2. (40)

The equation [39] is of the form 𝐴𝝀 = −𝒄 , where 𝐴 = (𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)Δ𝑡2 is a square matrix. This is
the linear system

𝐴11𝜆1 +𝐴12𝜆2 + · · · +𝐴1𝑚𝜆𝑚 = −𝑐1,
𝐴21𝜆1 +𝐴22𝜆2 + · · · +𝐴2𝑚𝜆𝑚 = −𝑐2,

...

𝐴𝑚1𝜆1 +𝐴𝑚2𝜆2 + · · · +𝐴𝑚𝑚𝜆𝑚 = −𝑐𝑚

which can be solved using the Gauss-Seidel method. We start with an initial guess of 𝝀 (0) = 0, then
solve each equation i in turn for 𝜆𝑖 using the latest value from previous solutions and iterate:
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𝜆
(1)
1 =

1
𝐴11

(
−𝑐1 −𝐴12𝜆

(0)
2 − · · · −𝐴1𝑚𝜆

(0)
𝑚

)
,

𝜆
(1)
2 =

1
𝐴22

(
−𝑐2 −𝐴21𝜆

(1)
1 −𝐴23𝜆

(0)
3 · · · −𝐴2𝑚𝜆

(0)
𝑚

)
,

...

𝜆
(𝑘+1)
𝑖

=
1
𝐴𝑖𝑖

(
−𝑐𝑖 −𝐴𝑖1𝜆

(𝑘)
1 − · · · −𝐴 (𝑖−1)𝑘𝜆

(𝑘)
(𝑖−1)

−𝐴 (𝑖+1)𝑘𝜆 (𝑘)(𝑖+1) − · · · −𝐴𝑖𝑚𝜆
(𝑘)
𝑚

)
This can be written as

𝜆𝑘+1𝑖 Δ𝑡2 = 𝜆𝑘𝑖 Δ𝑡
2 +

[
(𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)𝑖𝑖

]−1 [
−𝒄 − (𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)𝜆𝑘Δ𝑡2

]
𝑖
. (41)

Using [40] we can update the displacements incrementally per iteration

Δ𝑿𝑘+1
𝑗 = Δ𝑿𝑘

𝑗 + 𝑀̃−1𝑖 𝑱𝑖 𝑗 (𝜆𝑘+1 − 𝜆𝑘 )𝑖Δ𝑡2 (42)

and rewrite the update for 𝜆𝑖 as

𝜆𝑘+1𝑖 Δ𝑡2 = 𝜆𝑘𝑖 Δ𝑡
2 −

[
(𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)𝑖𝑖

]−1 [
𝑐𝑖 + (𝐽Δ𝑿𝑘 )𝑖 − 𝛼𝜆𝑘𝑖 Δ𝑡2

]
. (43)

4.1 A More Accurate Update Using Non-Linear Gauss-Seidel
We can improve on the result [43] by noticing that the term 𝑐𝑖 (𝑿𝑡+1) + (𝐽Δ𝑿𝑘 )𝑖 is, up to order
O(𝑿2), just 𝑐𝑖 (𝑿𝑡+1 + Δ𝑿 ). So

𝜆𝑘+1𝑖 Δ𝑡2 = 𝜆𝑘𝑖 Δ𝑡
2 −

[
(𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)𝑖𝑖

]−1 [
𝑐𝑘𝑖 − 𝛼𝜆𝑘𝑖 Δ𝑡2

]
, (44)

where 𝑐𝑘𝑖 ≡ 𝑐𝑖 (𝑿𝑡+1 + Δ𝑿𝑘 ) is the constraint function evaluated using the latest value of Δ𝑿
from the previous iteration. This turns the update from a linear solution to [39] into a non-linear
iterative algorithm. The important difference is that the error term goes from being a linearized
approximation 𝑐𝑖 (𝑿𝑡+1) +∑

𝑗 𝑱𝑖 𝑗 (𝑿𝑡+1) · Δ𝑿 𝑗 to an exact function 𝑐𝑖 (𝑿𝑡+1 + Δ𝑿 ). This is important
when solving rigid body system with rotation, particularly when the time step is large, as errors
due to using a linear approximation to rotations (𝑅(θ)𝒙 → 𝒙𝑡 + ( ¤θ𝑡

Δ𝑡) × 𝒙) of order ¤θ = 𝝎 (where
𝝎 is the angular velocity) can be large.

To make this a fully accurate update, we could also recompute the Jacobians in the "resistance"
term

[
(𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)𝑖𝑖

]−1 for each iteration. This is often expensive though, and having an accurate
measure of the error is all that is required to improve convergence.

5 INTERPRETATION AND DISCUSSION
We can rewrite [44] by making a substitution

𝒇𝑖 𝑗 ≡ 𝑱𝑖 𝑗𝜆𝑖Δ𝑡
2 . (45)

This is the force and torque on body 𝑗 due to the constraint 𝑖 multiplied by the time step squared,
or, equivalently, the mass/inertia multiplied by the displacement due to the constraint force/torque.
Also let

𝑅𝑖 ≡
[
(𝐽 𝑀̃−1 𝐽𝑇 + 𝛼1)𝑖𝑖

]−1
=

[∑
𝑗

𝑱𝑖 𝑗 · (𝑀̃−1 + 𝛼1)𝑱𝑖 𝑗

]−1
. (46)
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This is a (scalar) measure of the resistance to motion of the system in the direction that resolves
the constraint.

Now

𝒇𝑘+1𝑖 𝑗 = 𝒇𝑘𝑖 𝑗 − 𝑅𝑖 (𝑱𝑖 𝑗𝑐𝑘𝑖 − 𝛼𝒇𝑘𝑖 𝑗 ),
Δ𝑿𝑘+1

𝑗 = Δ𝑿𝑘
𝑗 + 𝑀̃−1𝑗 (𝒇𝑘+1𝑖 𝑗 − 𝒇𝑘𝑖 𝑗 ). (47)

This is the final form of the update equations. This has a simple interpretation: Since 𝐽 = 𝜕𝒄/𝜕𝑿 , 𝐽𝑇
converts from from constraint coordinates to rigid body coordinates, 𝐽𝑇 𝒄 converts the constraint
equations to world space, and the displacements due to the constraints is just this functionmultiplied
by the effective mass of the system.
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Algorithm 1: Constraint solver update
Input:
• Projected unconstrained state at 𝑡 + 1: 𝑿𝑡+1, ¤𝑿𝑡+1.
• 𝑚 constraint functions 𝒄 (𝑿 ) = (𝑐1 (𝑿 ), . . . , 𝑐𝑚 (𝑿 ))𝑇 .
• Number of iterations 𝑛.

Output:
• Displacement Δ𝑿 that, when added to 𝑿𝑡+1, minimizes the constraint functions with a
minimal energy increment to the system.
• 𝑚 integrated constraint forces 𝒓 of dimension [𝑀𝐿]. These can be saved to tell how much
force/torque each constraint applied.

Prepare constraint solve data:
for 𝑖 ← 1 to𝑚 do

Compute Jacobians at time 𝑡 + 1 for each of the bodies 𝑗 in the constraint:
𝑱𝑖 𝑗 = 𝜕𝑐𝑖 (𝑿 )/𝜕𝑿 |𝑡+1 ;
Compute the inverse of the effective mass matrices for each of the bodies 𝑗 in the
constraint at time 𝑡 + 1:
𝑀̃−1𝑗 =

[
𝑀𝑡+1

𝑗 − [𝑀𝑡+1
𝑗
¤𝑿𝑡+1Δ𝑡]×

]−1
.;

Compute the resistance values for each constraint at time 𝑡 + 1:
𝑅𝑖 =

[∑
𝑗 𝑱𝑖 𝑗 · (𝑀̃−1𝑗 + 𝛼1)𝑱𝑖 𝑗

]−1
;

end

Set Δ𝑿 = 0 as an initial guess (could also use a better initial guess if warm starting);
Solve for displacements Δ𝑿 :
for 𝑘 ← 1 to 𝑛 do

for 𝑖 ← 1 to𝑚 do
Compute an incremental update to the integrated constraint forces/torques 𝑟 using
the latest computed value of the displacements

𝒇𝑘+1𝑖 𝑗 = 𝒇𝑘+1𝑖 𝑗 − 𝑅𝑖
[
𝑱𝑖 𝑗𝑐𝑖 (𝑿𝑡+1 + Δ𝑿 ) − 𝛼𝒇𝑘𝑖 𝑗

]
;

Compute the incremental update to the displacements
Δ𝑿𝑘+1

𝑗 = Δ𝑿𝑘
𝑗 + 𝑀̃−1𝑗 (𝒇𝑘+1𝑖 𝑗 − 𝒇𝑘𝑖 𝑗 );

end
end

Apply displacement to bodies:
for 𝑗 ← 1 to 𝑁 do
¤𝑿 𝑗
𝑡+1 → ¤𝑿 𝑗

𝑡+1 + Δ𝑿 𝑗/Δ𝑡 ;
𝒙𝑡+1𝑗 → 𝒙𝑡+1𝑗 + Δ𝒙 𝑗 ;
𝑞(θ𝑗 ) → 𝑞(𝑖Δθ𝑗/2)𝑞(𝑖θ𝑗/2)

end
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This is the essence of position based dynamics. For every constraint 𝑖 we find a discritized
constraint force 𝒇𝑘𝑖 𝑗/Δ𝑡2 on the bodies 𝑗 that need to be applied in order to satisfy the constraint
equation in the current state𝑿𝑡+1+Δ𝑿𝑘 at the current iteration 𝑘 . We then update the displacements
𝑀̃−1𝑗 (𝒇𝑘+1𝑖 𝑗 −𝒇𝑘𝑖 𝑗 ) according to the incremental change in the constraint force that was applied at this
constraint iteration. This process is repeated for a number of iterations to converge on an overall
solution. If a solution exists and the algorithm converges, the solution satisfies all of the constraints
with an addition of a displacement Δ𝑿 to 𝑿𝑡+1 that is one that minimizes the change in energy
1
2Δ𝑿 · 𝑀̃Δ𝑿 of the system.
The advantage of displacement based dynamics over a force of velocity based system is most

apparent when updating angular degrees of freedom. In our system we rotate the system into the
final unconstrained state first, then apply the correction

𝑞′ = 𝑞(Δθ)𝑞(θ𝑡+1) = 𝑞(Δθ)𝑞( ¤θ𝑡
Δ𝑡)𝑞(θ𝑡 ) (48)

so that we can directly target the correct orientation at the end of the update. If instead we were
solving for velocity then the velocity change due to the constraint would get added to the velocity
¤𝜃 𝑡+1, and the quaternion update would be

𝑞′ = 𝑞( ¤θΔ𝑡 + Δθ)𝑞(θ𝑡 ). (49)

Since rotations do not commute, the difference between these can be large if the initial angular
velocity ¤θ and the constraint fixing velocity Δθ/Δ𝑡 are large and about different axes.

6 APPLICATION: LINEAR BALL IN SOCKET CONSTRAINT
The constraint for a ball and socket joint between two bodies 𝑙 and𝑚 is that the distance between
a point 𝒑𝑙 on body 𝑙 and a point 𝒑𝑚 on body𝑚 is zero.
Let 𝒓𝑙 |𝑚 be the offset of the point 𝒑𝑙 |𝑚 from the centre of mass 𝒙𝑙 |𝑚 of body 𝑙 |𝑚. Then the

constraint is

𝑐 (𝑿𝑙 ,𝑿𝑚) = | |𝒑𝑙 (𝑿𝑙 ) − 𝒑𝑚 (𝑿𝑚) | |,
= | |𝒙𝑙 + 𝒓𝑙 (θ𝑙 ) − 𝒙𝑚 − 𝒓𝑚 (θ𝑚) | |. (50)

From this we can compute

𝑱𝑙 =

(
𝜕𝑐

𝜕𝒙𝑙

𝜕𝑐

𝜕θ𝑙

)𝑇
=

(
Δ̂𝒑

𝒓𝑙 × Δ̂𝒑

)
, 𝑱𝑚 =

(
𝜕𝑐

𝜕𝒙𝑚

𝜕𝑐

𝜕θ𝑚

)𝑇
=

(
−Δ̂𝒑

−𝒓𝑚 × Δ̂𝒑

)
, (51)

where Δ̂𝒑 is a unit vector in the direction 𝒑𝑙 − 𝒑𝑚 . Assuming the potential is at most linear in 𝑿 ,
the resistance is

𝑅−1 = 𝒓𝑙 × Δ̂𝒑 ·
(
1
𝑚𝑙

1 + 𝐼−1
𝑙

)
𝒓𝑙 × Δ̂𝒑 + 𝒓𝑚 × Δ̂𝒑 ·

(
1
𝑚𝑚

1 + 𝐼−1𝑚

)
𝒓𝑚 × Δ̂𝒑,

= Δ̂𝒑 ·
((

1
𝑚𝑙

+ 1
𝑚𝑚

)
− [𝒓𝑙 ]×𝐼−1𝑙

[𝒓𝑙 ]× − [𝒓𝑚]×𝐼−1𝑚 [𝒓𝑚]×
)
Δ̂𝒑,

= Δ̂𝒑 · M−1Δ̂𝒑, (52)

where

M =

((
1
𝑚𝑙

+ 1
𝑚𝑚

)
− [𝒓𝑙 ]×𝐼−1𝑙

[𝒓𝑙 ]× − [𝒓𝑚]×𝐼−1𝑚 [𝒓𝑚]×
)

(53)
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Fig. 2. Convergence of a system of bodies and joints comparing the difference between using a linear
approximation of the constraint error in the Gauss-Seidel update vs. using an exact update in a non-linear
version of a Gauss-Seidel update, as discussed in section 4.1. The initial configuration presents a challenge
to the solver, as it requires large rotations of the bodies in order to fix all of the constraints. Note: in these
tests the solver is using 10 iterations in both cases, and the error in the exact case can be reduced further by
increasing the number of iterations, unlike with the linear approximation, where the solver can diverge if
there are large errors.

is the effective mass of the two body system. This is projected in the direction of the constraint
error Δ̂𝒑. Using this, the solution (one iteration of the two body, single constraint system) is

Δ𝑿𝑙 = −
(
Δ̂𝒑 · M−1Δ̂𝒑

)−1 ( 1
𝑚𝑙

Δ𝒑
𝐼−1
𝑙
(𝒓𝑙 × Δ𝒑)

)
,

Δ𝑿𝑚 = +
(
Δ̂𝒑 · M−1Δ̂𝒑

)−1 ( 1
𝑚𝑚

Δ𝒑
𝐼−1𝑚 (𝒓𝑚 × Δ𝒑)

)
. (54)

Let 𝜿 ≡
(
Δ̂𝒑 · M−1Δ̂𝒑

)−1
Δ𝒑/Δ𝑡 . This is the linear impulse applied to body𝑚 at point 𝒑𝑚 , which

is equal and opposite to the linear impulse applied to body 𝑙 at point 𝒑𝑙 :

Δ𝑿𝑙 = −
( 1

𝑚𝑙
𝜿Δ𝑡

𝐼−1
𝑙
𝒓𝑙 × 𝜿Δ𝑡

)
,

Δ𝑿𝑚 = +
( 1

𝑚𝑚
𝜿Δ𝑡

𝐼−1𝑚 𝒓𝑚 × 𝜿Δ𝑡

)
, (55)

which is exactly what you would expect from this system if solving using more traditional methods.

7 SYMMETRIES AND CONSERVATION OF MOMENTUM
The solution for the ball and socket joint [55] preserves both linear and angular momentum. The
change in linear momentum of the system is

𝑷 𝑡+1 − 𝑷 𝑡 =𝑚𝑙Δ𝒙𝑙/Δ𝑡 +𝑚𝑚Δ𝒙𝑚/Δ𝑡,

= −𝑚𝑙

1
𝑚𝑙

𝜿 +𝑚𝑚

1
𝑚𝑚

𝜿 ,

= 0. (56)

and the change in angular momentum about the origin is

𝑳𝑡+1 − 𝑳𝑡 = 𝒙𝑙 × (𝑚𝑙Δ𝒙𝑙/Δ𝑡) + 𝐼𝑙Δθ𝑙/Δ𝑡 − 𝒙𝑚 × (𝑚𝑚Δ𝒙𝑚/Δ𝑡) + 𝐼𝑚Δθ𝑚/Δ𝑡,
= (−𝒙𝑙 − 𝒓𝑙 + 𝒙𝑚 + 𝒓𝑚) × 𝜿 ,
= −Δ𝒑 × 𝜿 . = 0. (57)
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We see that, in order for the angular momentum to be preserved, the impulse 𝜿 needs to be parallel
to the vector between the two joined points Δ𝒑.

There are other constraint functions we could have chosen that minimize the distance between
𝒑𝑙 and 𝒑𝑚 . For instance, [Mizerski 2020] uses a vector constraint

𝒄 (𝑿𝑙 ,𝑿𝑚) = 𝒑𝑙 (𝑿𝑙 ) − 𝒑𝑚 (𝑿𝑚) (58)

instead of its magnitude, which we used in the previous section.
The Jacobian elements for this constraint are

𝐽𝑙 = (1 [𝒓𝑙 ]×) , 𝐽𝑚 = (−1 − [𝒓𝑚]×) , (59)

and the resistance matrix is now

𝑅 =

[(
1
𝑚𝑙

+ 1
𝑚𝑚

)
− [𝒓𝑙 ]×𝐼−1𝑙

[𝒓𝑙 ]× − [𝒓𝑚]×𝐼−1𝑚 [𝒓𝑚]×
]−1

,

=M, (60)

i.e. the same as before, but now the full effective massmatrix instead of the projection in the direction
Δ̂𝒑, and the result ends up the same as for the scalar constraint 𝑐 (𝑿𝑙 ,𝑿𝑚) = | |𝒑𝑙 (𝑿𝑙 ) − 𝒑𝑚 (𝑿𝑚) | |,
except with

𝜿 =
[
Δ̂𝒑 · M−1Δ̂𝒑

]−1
Δ𝒑/Δ𝑡 →MΔ𝒑/Δ𝑡 .

For cases where the inertia is uniform, i.e. 𝐼 = 𝛼1 for some scalar 𝛼 , these give the same result,
but for non-uniform inertiaM𝒑 can result in a vector that is not parallel to Δ𝒑, and hence does
not conserve angular momentum. This can be understood using Noether’s theorem, which relates
symmetries of the action to conserved quantities.
For instance, consider shifting all position coordinates of [10] by a small constant vector 𝝐 :

𝒙𝑖 → 𝒙𝑖 + 𝝐 . Then

𝑆 →
∫

𝑑𝑡

[
𝐿( ¤𝑿 ,𝑿 ) +

∑
𝑖

𝜕𝐿

𝜕𝒙𝑖
· 𝝐 + 𝝀 · (𝑐 (𝑿 ) + 𝐽𝑖 · 𝝐)

]
,

= 𝑆 +
∫

𝑑𝑡
∑
𝑖

[
𝜕𝐿

𝜕𝒙𝑖
+ 𝐽𝑇𝑖 𝝀

]
· 𝝐,

= 𝑆 +
∫

𝑑𝑡
∑
𝑖

𝑑

𝑑𝑡

(
𝜕𝐿

𝜕𝑿𝑖

)
𝝐,

= 𝑆 +
∫

𝑑𝑡
𝑑

𝑑𝑡

∑
𝑖

(𝑚𝑖 ¤𝒙𝑖 ) 𝝐 . (61)

So, if the action is symmetric under 𝒙 → 𝒙 + 𝝐 , then that implies that
∑

𝑖 (𝑚𝑖 ¤𝒙𝑖 ) is a constant, i.e. the
total linear momentum of the system is conserved. This means we need constraints to be symmetric
under translations in order to preserve liner momentum. E.g. a two body constraint should be a
function of (𝒙𝑙 − 𝒙𝑚).
The conservation of angular momentum follows in the same way from rotational symmetry

of the action. Consider an infinitesimal rotation of the system 𝑅(𝝐), so that θ𝑖 → θ𝑖 + 𝝐 , and
𝒙𝑖 → 𝝐 × 𝒙𝑖 , ¤𝒙𝑖 → 𝝐 × ¤𝒙𝑖 . To see the quantity that needs to be conserved in order to preserve this
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symmetry use

𝛿
(
𝐿( ¤𝑿 ,𝑿 ) + 𝝀 · 𝒄 (𝑿 )

)
=

∑
𝑖

[
𝜕𝐿

𝜕 ¤𝑿𝑖

· 𝛿 ¤𝑿𝑖 +
(
𝐽𝑇𝑖 𝝀𝑖 +

𝜕𝐿

𝜕𝑿𝑖

)
· 𝛿𝑿𝑖

]
,

=
∑
𝑖

[
𝑷𝑖 · 𝛿 ¤𝑿𝑖 + ¤𝑷𝑖 · 𝛿𝑿𝑖

]
, (62)

where 𝑷𝑖 is the momentum 𝜕𝐿

𝜕 ¤𝑿𝑖
= 𝑀𝑖

¤𝑿𝑖 . So

𝑑

𝑑𝑡

∑
𝑖

( ¤𝑷𝑖 · 𝛿𝑿𝑖

)
= 0. (63)

For the case of an infinitesimal rotation, this gives

𝑑

𝑑𝑡

∑
𝑖

[
𝒙𝑖 × (𝑚𝑖 ¤𝒙𝑖 ) + 𝐼𝑖 ¤θ𝑖

]
𝝐 = 0. (64)

Therefore, the total angular momentum of the system is conserved if the action (including the
constraints) is symmetric under rotations. If this applies for infinitesimal rotations then it also must
apply for arbitrary rotations, since we can compose a large rotation as a product of small rotations.

For example a scalar, like | |𝒑𝑙 − 𝒑𝑚 | | is invariant under rotations, since, if we apply a rotation 𝑅
to the system

| |𝒑𝑙 − 𝒑𝑚 | | = [(𝒙𝑙 + 𝒓𝑙 − 𝒙𝑚 − 𝒓𝑚) · (𝒙𝑙 + 𝒓𝑙 − 𝒙𝑚 − 𝒓𝑚)]1/2 ,
→ [(𝑅(𝒙𝑙 + 𝒓𝑙 − 𝒙𝑚 − 𝒓𝑚)) · 𝑅(𝒙𝑙 + 𝒓𝑙 − 𝒙𝑚 − 𝒓𝑚)]1/2 ,

=

[(
𝑅𝑇𝑅(𝒙𝑙 + 𝑅𝒓𝑙 − 𝒙𝑚 − 𝒓𝑚)

)
· (𝒙𝑙 + 𝒓𝑙 − 𝒙𝑚 − 𝒓𝑚)

]1/2
,

= | |𝒑𝑙 − 𝒑𝑚 | |, (65)

since 𝑅𝑇𝑅 = 1.
So, in order to preserve linear momentum, constraints must be invariant under translations, and,

in order to preserve angular momentum, constraints must be invariant under rotation. Also, it can
be shown that energy conservation is a result of time translation invariance, so for constraints to
preserve energy they must be invariant under time translations.

8 APPLICATION: ANGULAR AXLE CONSTRAINT
For an axle constraint, we limit the relative rotation between two bodies to be about a single
axis. Let 𝒘̂ (θ) = 𝑅(θ)𝒏̂ be a unit vector 𝒏̂ in the space of body rotated into world space, then the
constraint function is

𝑐 (θ𝑎,θ𝑏) = sin−1 | |𝒘̂𝑎 × 𝒘̂𝑏 | |. (66)

Taking the derivative with respect to θ𝑎 and θ𝑏 gives the Jacobian elements

𝑱𝑎 =
𝒘̂𝑎 × 𝒘̂𝑏

| |𝒘̂𝑎 × 𝒘̂𝑏 | |
, 𝑱𝑏 = − 𝒘̂𝑎 × 𝒘̂𝑏

| |𝒘̂𝑎 × 𝒘̂𝑏 | |
, (67)

the resistance matrix is

I =

[
𝒘̂𝑎 × 𝒘̂𝑏

| |𝒘̂𝑎 × 𝒘̂𝑏 | |
· (𝐼−1𝑎 + 𝐼−1𝑏

) 𝒘̂𝑎 × 𝒘̂𝑏

| |𝒘̂𝑎 × 𝒘̂𝑏 | |

]−1
, (68)
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and the displacement update is

Δθ𝑎 = −𝐼−1𝑎 I
𝒘̂𝑎 × 𝒘̂𝑏

| |𝒘̂𝑎 × 𝒘̂𝑏 | |
sin−1 | |𝒘̂𝑎 × 𝒘̂𝑏 | |,

Δθ𝑏 = +𝐼−1
𝑏
I 𝒘̂𝑎 × 𝒘̂𝑏

| |𝒘̂𝑏 × 𝒘̂𝑏 | |
sin−1 | |𝒘̂𝑎 × 𝒘̂𝑏 | |. (69)

Or, if 𝒘̂𝑎×𝒘̂𝑏

| |𝒘̂𝑎×𝒘̂𝑏 | | ≡ 𝒎̂ is the axis of rotation, and 𝜙 ≡ sin−1 | |𝒘̂𝑎 × 𝒘̂𝑏 | | is the angle of rotation, this is
just an integrated angular impulse of

𝜿 =
[
𝒎 · (𝐼−1𝑎 + 𝐼−1𝑏

)𝒎
]−1

𝜙𝒎̂. (70)

and

Δθ𝑎 = −𝐼−1𝑎 𝜿 ,

Δθ𝑏 = +𝐼−1
𝑏
𝜿 . (71)

9 INEQUALITY CONSTRAINTS
A well-known extension for adding inequality constraints (see for example [Coumans 2012]) is to
use a Projected Gauss-Seidel update. All that is needed for this is to just clamp the discrete force
update 𝒇𝑖 𝑗 in the update of algorithm 1.
For example, we can convert the axle angular constraint from the previous section into a cone

constraint limiting the relative angle between two axes to be less than or equal to some limiting
angle 𝜙𝑙

𝑐 (θ𝑎,θ𝑏) = sin−1 | |𝒘̂𝑎 × 𝒘̂𝑏 | | − 𝜙𝑙 ≤ 0. (72)
In order to achieve this, we simply clamp the impulse [70]

𝜿 = max
{[
𝒎 · (𝐼−1𝑎 + 𝐼−1𝑏

)𝒎
]−1 (𝜙 − 𝜙𝑙 )𝒎̂, 0} . (73)

This ensures that any correction applied by the solve is only in one direction.
Another common example is for contact constraints. The goal of contact constraints is to prevent

rigid bodies from interpenetrating. This can be achieved using a set of contact constraints which
prevent points 𝒑𝑖 and 𝒑 𝑗 (𝒑 = 𝒙 + 𝒓 (θ)) from moving towards each other along a contact normal
direction 𝒏̂

𝑐 (𝑿𝑖 ,𝑿 𝑗 ) = (𝒑𝑖 − 𝒑 𝑗 ) · 𝒏̂ ≥ 0. (74)
Following the procedure from section 6, the Jacobian for this constraint is

𝐽 =
(
𝒏̂𝑇 𝒓𝑖 × 𝒏̂ −𝒏̂𝑇 −𝒓 𝑗 × 𝒏̂,

)
(75)

where 𝒅 def
== (𝒑𝑖 − 𝒑 𝑗 ), and from this a constraint impulse 𝜿 is found

𝜿 = min
{[
𝒏̂ · M−1𝒏̂

]−1
𝒅/Δ𝑡, 0

}
, (76)

and the update to the displacement is

Δ𝑿𝑖 = −
( 1

𝑚𝑖
𝜿Δ𝑡

𝐼−1𝑖 𝒓𝑖 × 𝜿Δ𝑡

)
,

Δ𝑿 𝑗 = +
(

1
𝑚 𝑗

𝜿Δ𝑡

𝐼−1𝑗 𝒓 𝑗 × 𝜿Δ𝑡

)
(77)
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10 NON-LINEAR POTENTIAL TERMS
The effective inertia term 𝑀̃ defined in [24] contains the second derivative of the potential energy
𝑉 (𝑿 ). This shows how non-linear potential terms can be added to the system, but in practise it can
often make the system impossible to solve using the methodology prescribed so far. The drawback
of adding this potential derivative term is that it can make the computation of the update for the
individual constraint equations much more complicated, as we will now demonstrate.

Consider, for instance, adding a simple linear spring term 1
2𝑘 | |𝒙𝑖 − 𝒙 𝑗 | |2 to a system of particles.

The effective inertia term would then be

©­­­­­­­­­­­­«

𝑚11
𝑚21

. . .

(𝑚𝑖 + 𝑘)1 · · · −𝑘1
. . .

−𝑘1 · · · (𝑚 𝑗 + 𝑘)1
. . .

ª®®®®®®®®®®®®¬
(78)

We use the mass matrix in the constraint update via the resistance term 𝑅𝑖 =
[
𝐽 𝑀̃−1 𝐽𝑇

]
𝑖𝑖
. For a

block diagonal matrix in terms of the Jacobian elements 𝑱𝑖 𝑗 = 𝜕𝑐𝑖/𝜕𝑿 𝑗 this is

𝑅𝑖 =

[∑
𝑗

𝑱𝑖 𝑗 ·𝑀−1𝑗 𝑱𝑖 𝑗

]−1
(79)

For a non block diagonal matrix not only do we have to compute the inverse of the mass matrix,
but, since the inverse is also not block diagonal, the computation of the resistance matrix for one
constraint will involve the Jacobian elements of other constraints and the update does not split up
nicely into solving individual constraints separately.

The solution is to treat the non-linear potential terms in the same way that we treat constraints,
i.e. as individual terms where we compute the update of the system due to that term separately and
iterate to converge to a solution. The procedure starts with splitting the general potential function
into terms linear in 𝑿 ,𝑉0 (𝑿 ), and an arbitrary set of non-linear potential functions 𝑉𝑗 (𝑿 )

𝑉 (𝑿 ) = 𝑉0 (𝑿 ) +
∑
𝑗

𝑉𝑗 (𝑿 ). (80)

Putting this into the equations of motion [14] and expanding for 𝑿 = 𝑿𝑡+1 + Δ𝑿 as we did in
[20] results in

𝑑

𝑑𝑡

(
𝑀 ¤𝑿

)
+ 𝜕𝑉0
𝜕𝑿
+

∑
𝑗

𝜕𝑉𝑗

𝜕𝑿
→ 𝑑

𝑑𝑡

(
𝑀 ¤𝑿

) ��
𝑡+1 +

𝜕𝑉0

𝜕𝑿

����
𝑡+1

+ 1
Δ𝑡2

[
𝑀̃ +

∑
𝑗

𝜕2𝑉𝑗

𝜕𝑿2

����
𝑡+1

Δ𝑡2

]
Δ𝑿 , (81)

where we have now removed the second derivative of the potential from 𝑀̃ .
As before, we assume that we have a solution 𝑿𝑡+1 to the equations of motion [3] for the

free system (i.e. not including the extra potential terms 𝑉𝑗 ) at time 𝑡 + 1. Then, we apply a small
displacement Δ𝑿 to the system, linearize up to O(Δ𝑿 ) and try to find the displacement that solves
the full equations of motion with a general potential. I.e. we search for a first order approximation
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to the exact solution for the equations of motion with a general non-linear potential by starting
from a solution from the potential free equations of motion and applying a small displacement.
This is a valid approach for simulations as long as the time step is small enough (or the potential
terms small enough) so that the per step displacement Δ𝑿 due to the additional potential terms is
small.
Taking a single potential term 𝑉𝑗 , we set [81] to zero, and take out the equation of motion for

the free system, which equals zero. This gives to first order

𝑀̃Δ𝑿 +
[
𝜕𝑉

𝜕𝑿

����
𝑡+1
+ 𝜕2𝑉

𝜕𝑿2

����
𝑡+1

Δ𝑿

]
Δ𝑡2 + O(Δ𝑿2) = 0, (82)

or, letting 𝑭 𝑗 = 𝜕𝑉𝑗/𝜕𝑿 , and 𝐾 𝑗 =
𝜕2𝑉𝑗

𝜕𝑿 2

− 𝑭 𝑗 (𝑿𝑡+1) + (𝑀̃ + 𝐾 𝑗 )Δ𝑿 = 0. (83)

We can incorporate this into the constraint solving algorithm by treating each of these equations
for 𝑉𝑗 as another function to be minimized.

The minimization then becomes

minimize
Δ𝑿 ,𝝀

{
1

2Δ𝑡2
Δ𝑿 · 𝑀̃Δ𝑿 −

∑
𝑖

𝜆𝑖
[
𝑐𝑖 (𝑿𝑡+1) + 𝐽𝑖Δ𝑿 )

]
−

∑
𝑗

𝜆 𝑗

[
−𝑭 𝑗 (𝑿𝑡+1)Δ𝑡2 +

(
𝑀̃ + 𝐾 𝑗

)
Δ𝑿Δ𝑡2

]}
, (84)

I.e., we add the update due to these potential terms into the existing algorithm by treating the
equations [83] as another constraint that is minimized along with the other constraints of the
system.

𝒄 (𝑿𝑡+1 + Δ𝑿 ) = −𝑭 (𝑿𝑡+1 + Δ𝑿 )Δ𝑡2 + 𝑀̃Δ𝑿 ,

= −𝑭 (𝑿𝑡+1)Δ𝑡2 +
(
𝑀̃ + 𝐾Δ𝑡2

)
Δ𝑿 ,

∴ 𝒄 (𝑿𝑡+1) ∼ −𝑭 (𝑿𝑡+1)Δ𝑡2,
𝐽 (𝑿𝑡+1) ∼ 𝑀̃ + 𝐾Δ𝑡2. (85)

The interpretation of this is that, as we are solving for Δ𝑿 , we try to ensure that the computed
value of Δ𝑿 corresponds to a value that solves the equations of motion for this potential at first
order in Δ𝑿 , and through minimizing all of the constraints and all of these force equations, we are
balancing all of the forces in the system.

Using this in [47] gives

𝒇𝑘+1𝑖 𝑗 = 𝒇𝑘𝑖 𝑗 + (𝑀̃ 𝑗 + 𝐾 𝑗Δ𝑡
2)𝑇

[
(1 + 𝐾𝑖Δ𝑡2𝑀̃−1𝑗 ) (𝑀̃ 𝑗 + 𝐾𝑖Δ𝑡2)𝑇

]−1 [
𝑭𝑖 (𝑿𝑡+1 + Δ𝑿𝑘 ) − 𝒇𝑘𝑖 𝑗

]
(86)

and if 𝑀̃ + 𝐾Δ𝑡2 has an inverse.

𝒇𝑘+1𝑖 𝑗 = (1 + 𝐾𝑖𝑀̃−1𝑗 )
[
𝐾𝑖𝑀̃

−1
𝑗 𝒇𝑘+1𝑖 𝑗 + 𝑭𝑖 (𝑿𝑡+1 + Δ𝑿𝑘 )

]
. (87)

This is the general term for an incremental update to the integrated force term 𝒇𝑖 𝑗 . This can be used
in the algorithm described in section 4 to include arbitrary forces and torques (if the linearized
solution is known) into the solution for an update Δ𝑿 that solves for the constraint forces and
torques while minimizing the energy gain to the system.

According to the recipe described in 4, we compute the incremental update due to each potential
term one at a time and update Δ𝑿 for each constraint iteration.
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10.1 Spring and Damping Terms
We now demonstrate this for a linear spring/damper connecting two bodies 𝑎 and 𝑏 at points
𝒑𝑎 |𝑏 = 𝒙𝑎 |𝑏 + 𝒓𝑎 |𝑏 (θ), offset from their respective centre of masses 𝒙𝑎 |𝑏 by 𝒓

𝑎 |𝑏 .
For this system, the linear force is

𝒇 (𝑿𝑡+1) = −𝑘
[
𝒑(𝑿𝑡+1

𝑎 ) − 𝒑(𝑿𝑡+1
𝑏
)
]
− 𝜇

[
¤𝒑(𝑿𝑡+1

𝑎 ) − ¤𝒑(𝑿𝑡+1
𝑏
)
]
, (88)

with 𝒇 = 𝒇𝑎 = −𝒇𝑏 . Applying a displacement Δ𝑿 gives

𝒇 (𝑿𝑡+1 + Δ𝑿 ) = 𝒇 (𝑿𝑡+1) − (𝑘 + 𝜇/Δ𝑡) (Δ𝒙𝑎 − Δ𝒙𝑏 + Δθ𝑎 × 𝒓𝑎 − Δθ𝑏 × 𝒓𝑏) ,
= 𝒇 (𝑿𝑡+1) − (𝑘Δ𝑡2 + 𝜇Δ𝑡)M−1𝒇 (𝑿𝑡+1 + Δ𝑿 ), (89)

since 𝑀̃Δ𝑿 = 𝒇 (𝑿𝑡+1 + Δ𝑿 )Δ𝑡2.
So, letting 𝛽 def

== 𝑘Δ𝑡2 + 𝜇Δ𝑡

𝒇 (𝑿𝑡+1 + Δ𝑿 ) =
(
1 + 𝛽M−1

)−1
𝒇 (𝑿𝑡+1), (90)

and the incremental update for this is

𝒇𝑘+1𝑖 = 𝒇𝑘𝑖 +
(
1 + 𝛽M−1

)−1 [
𝒇 (𝑿𝑡+1 + Δ𝑿𝑘 ) − 𝒇𝑘𝑖

]
,

=
(
1 + 𝛽M−1

)−1 [
𝛽M−1𝒇𝑘𝑖 + 𝒇 (𝑿𝑡+1 + Δ𝑿𝑘 )

]
,

=
(
1 + 𝛽M−1

)−1 [
𝛽M−1𝒇𝑘𝑖 − 𝜉 𝛿𝒑𝑘 − 𝛽 𝛿 ¤𝒑𝑘Δ𝑡

]
(91)

where we have used 𝜉 def
== 𝑘Δ𝑡2, and 𝛿𝒑𝑘 def

== 𝒑𝑎 (𝑿𝑡+1 + Δ𝑿𝑘 ) − 𝒑𝑏 (𝑿𝑡+1 + Δ𝑿𝑘 ) as the relative
position between the two points 𝒑𝑎 and 𝒑𝑏 evaluated using the latest value of Δ𝑿𝑘 .
We then update the displacements Δ𝑿𝑎 and Δ𝑿𝑏 using

Δ𝑿𝑘+1
𝑎 = Δ𝑿𝑘

𝑎 +
( 1

𝑚𝑎
(𝒇𝑘+1𝑖 − 𝒇𝑘𝑖 )

𝐼−1𝑎 𝒓𝑎 × (𝒇𝑘+1𝑖 − 𝒇𝑘𝑖 )

)
Δ𝑿𝑘+1

𝑏
= Δ𝑿𝑘

𝑏
−

( 1
𝑚𝑏
(𝒇𝑘+1𝑖 − 𝒇𝑘𝑖 )

𝐼−1
𝑏
𝒓𝑏 × (𝒇𝑘+1𝑖 − 𝒇𝑘𝑖 )

)
(92)

In order to make the connection to XPBD [Macklin et al. 2016], define

𝛼
def
==

1
𝑘Δ𝑡2

, 𝛾
def
==

𝜇

𝑘Δ𝑡

𝑪𝑖 (𝑿 𝑗 )
def
== 𝛿𝒑𝑖 (𝑿𝑡+1

𝑗 + Δ𝑿 𝑗 ) (93)

so that ∇𝑪 (𝒙) =
(
1 [𝒓𝑎]× −1 −[𝒓𝑏]×

)
and

M−1 = ∇𝑪 (𝑿 )𝑀−1∇𝑪 (𝑿 )𝑇 ,
𝛿 ¤𝒑 = ∇𝑪 (𝑿 ) ( ¤𝑿 )

= ∇𝑪 (𝑿 ) (𝑿𝑡+1 − 𝑿𝑡 )Δ𝑡 . (94)

Then [91] becomes

𝒇𝑘+1𝑖 = 𝒇𝑘𝑖 +
[
(1 + 𝛾)∇𝑪𝑖 (𝑿 𝑗 )𝑀−1∇𝑪𝑖 (𝑿 𝑗 ) + 𝛼

]−1[
−𝑪𝑖 (𝑿 𝑗 ) − (1 + 𝛾)∇𝑪 𝑗 (𝑿 𝑗 ) (𝑿 𝑗 − 𝑿𝑡 ) − 𝛼𝒇𝑘𝑖

]
. (95)

which is the result from XPBD, but derived for rigid bodies instead of particles, and with the
damping term in the numerator being (1 + 𝛾) instead of 𝛾 , as it is with XPBD. This difference



20 Tom Waterson

Fig. 3. A spring and damping torque model with a torque limit, as described in section 11 can be used to
model muscle response in a driven ragdoll simulation. The constraint is set each frame so that the rest angle
for the spring/damping constraint corresponds to a target animation pose. This allows the game characters
to respond to physics collisions while trying to maintain a target pose. Note: the sign of the applied torque is
flipped to demonstrate the relationship to the muscle torque

is in the damping coefficient, where the authors of XPBD use 𝜇Δ𝑡/(1 + 𝑘Δ𝑡2 + 𝜇Δ𝑡) instead of
(𝑘Δ𝑡2 + 𝜇Δ𝑡)/(1 + 𝑘Δ𝑡2 + 𝜇Δ𝑡), which is not consistent with an implicit update of the discrete
spring/damper force equations [90].

11 APPLICATION: DRIVEN RAGDOLLS
A common use for physics in games is simulation of character ragdolls. See, for example, [Sachania
2018], where driven ragdolls are introduced that use torque limited spring/damper systems to
approximate muscle forces and torque used to drive the ragdoll to a target pose. We use the methods
of the previous section to implement these forces and torques as constraints in the solver update.

We model the joints in the ragdoll with a linear and angular constraints, as described in sections
6 and 8. To drive the ragdoll to a pose, we introduce an angular "drive" constraint that models an
angular spring with damping, with a rest state as the target relative orientation between an axis on
body 𝑎 and an axis on body 𝑏.

τ𝑘+1𝑖 =
(
1 + 𝛽I−1

)−1 [
𝛽I−1τ𝑘𝑖 − 𝜉 (θ𝑡+1

𝑎 + Δθ𝑘
𝑎 − θ𝑡+1

𝑏
− Δθ𝑘

𝑏
)

−𝛽 ( ¤θ𝑡+1
𝑎 Δ𝑡 + Δθ𝑘

𝑎 − ¤θ
𝑡+1
𝑏 Δ𝑡 − Δθ𝑘

𝑏
)
]
, (96)

Δθ𝑘+1
𝑎 = Δθ𝑘

𝑎 + 𝐼−1𝑎 (τ𝑘+1𝑖 − τ𝑘𝑖 ),
Δθ𝑘+1

𝑏
= Δθ𝑘

𝑏
− 𝐼−1

𝑏
(τ𝑘+1𝑖 − τ𝑘𝑖 ), (97)

In order to model the limits of realistic muscles, we can clamp the discrete torque update to a
threshold τ𝑚𝑎𝑥Δ𝑡

2, for a user supplied torque limit τ𝑚𝑎𝑥 .

τ𝑘+1𝑖 = min
{
τ𝑘+1𝑖 , τ𝑖𝑚𝑎𝑥Δ𝑡

2
}
. (98)

12 CONCLUSION
We have shown that method of displacement based dynamics can be used to robustly simulate
systems of rigid bodies with constraints at large time steps and with challenging constraint set ups.
We have also shown how we can extend the system to add compliance to the constraints and to
add spring/damper forces and torques as constraints in the system.
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Since the action minimization procedure we have taken can be applied in any coordinate system,
an interesting avenue for further investigation would be in applying this methodology to a reduced
coordinate system to derive a position based version of Featherstone’s method [Featherstone 2016].
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